Abstract-Continuity of the input/output map for boundary control systems is shown through the system transfer function. Our approach transforms the question of continuity of the input/output map of a boundary control system into boundedness of the solution to a related elliptic problem. This is shown for a class of boundary control systems with Neumann control or Robin boundary control.
I. INTRODUCTION
Boundary control systems are an important class of infinite dimensional control systems. Some important applications are control of annealing processes, control of structural vibrations and active noise control.
Key questions are whether the mappings from input to state, input to output, initial state to input and initial state to final state are well-defined and bounded. When all four mappings are well-defined and bounded, the system is said to be well-posed [14] . Salamon [15] showed that boundedness of the input/output map implies well-posedness of the control system with respect to some state space. (An alternative proof in [11] uses frequency domain analysis.) Since boundedness is equivalent to continuity for linear systems, ill-posedness of the input/output map indicates that the measured outputs are not continuously dependent on the inputs. This would lead to difficulties in the practical implementation of any such control system. Thus, showing boundedness of the input/output map of a boundary control system is important. This problem is the focus of this paper.
Boundedness of the initial to final state map is equivalent to showing existence of a semigroup and is fairly well understood. A number of authors have obtained results on boundedness of the state/output map and input/state map. For more details see, e.g., [1] , [6] , [7] , [8] , [9] , [10] , [12] , [13] The literature on showing boundedness of the input/output map is less extensive, see [4] for details. In the next section systems theory for boundary control systems is discussed. The nature of the input/output map and the transfer function for these systems is explained. We give a representation for the system transfer function purely in terms of the boundary control formulation.
In section III we present our approach. The question of boundedness of the input/output map of a boundary control system is transformed to uniform boundedness (in a sense defined later) of solutions to a related elliptic boundary value problem. We use this approach to obtain well-posedness of several large classes of boundary control systems. We give some background on elliptic boundary value problems in section IV and then show that for several large classes of problems with Neumann or Robin boundary control, the input/output map is bounded.
Our approach has several advantages. It is not necessary to compute a state space realization. Also, the analysis of an elliptic problem is simpler than that of the original problem, and the extensive literature available on boundary value problems may be used. Our method is particularly useful for multi-dimensional systems with variable coefficients where the state-space realization is tedious to obtain and the system transfer function is even more difficult to obtain from the realization.
II. TRANSFER FUNCTIONS FOR BOUNDARY CONTROL

SYSTEMS
We will use the following formal definition of a boundary control system:
are all Hilbert spaces and Z is a dense subspace of H with continuous, injective embedding ι Z . The triple (L, Γ, K) refers to a boundary control system with output operator K. We shall often refer to a boundary control system by the double (L, Γ). (The operator K is in this case understood to be the identity operator.) We will assume throughout this paper that a boundary control system (1) satisfies the following assumptions:
In this paper, we are solely interested in the boundedness of the input/output map from u ∈ L 2 (0, 
The function G(s) is said to be proper if the above inequality holds. The following theorem states that the output of a boundary control system is well-defined, and that this output can be defined via the convolution of a Laplace-transformable distribution with the input.
Theorem 2.3: [4] The input/output map of any boundary control system (1) is well-defined for all inputs u ∈ H 2 (0, T ; U), u(0) = 0. This output can be written as
where g(t) is a distribution with Laplace transform G(s).
The operator G(s) ∈ L(U, Y) for each s ∈ ρ(A) and G(s)
is the system transfer function. This representation of the input/output map is valid for any boundary control system, and for u ∈ H 2 (0, T ; U) with u(0) = 0. In order to extend the input/output map to all u ∈ L 2 (0, T ; U) we need to show that the map is bounded, or equivalently, that the transfer function is proper.
We now obtain a representation of the transfer function of a boundary control system. This representation is based entirely on the boundary control description (1) and does not require construction of a state-space realization. The transfer function is defined in terms of an elliptic problem associated with the boundary control system.
Definition 2.4:
The abstract elliptic problem (L, Γ) e corresponding to the boundary control system (L, Γ), as defined in (1), is
We denote the solution z ∈ Z by z(s).
define a boundary control system. Define W, A, and D(A) as above. Then there exists an α ∈ such that the transfer function, G(s), of the boundary control system (L, Γ, K) is given by
where z(s) is the solution to the abstract elliptic problem (4) with input u. Thus, the solution to (3) gives a representation of the transfer function of a boundary control system. The representation of G(s) obtained above is not surprising as the abstract elliptic problem (2) is the formal Laplace transform (with respect to t) of the boundary control system. Theorem 2.5 is a justification of such a process. Thus the abstract elliptic problem (L, Γ) e corresponding to the boundary control system (L, Γ) is more precisely written as
III. BOUNDEDNESS OF THE INPUT/OUTPUT MAP Theorem 2.2 implies that the boundedness of the input/output map of a boundary control system can be determined from the properness of the system transfer function. For a given observation operator K, the properness of the transfer function depends entirely on the behavior of the solution to (L,
for all u ∈ U and for all s ∈ C with Re s > µ 1 .
The following sufficient condition for properness of the system transfer function is now immediate. 
This is advantageous since there exist a large literature of results on solutions to elliptic partial differential equations, although not on uniform boundedness of the solution. A major advantage of this approach is that it is not required to compute the linear operators (A, B, C) of a state-space realization.
IV. UNIFORMLY ELLIPTIC BOUNDARY VALUE
PROBLEMS
We now look at boundedness of solutions to uniformly elliptic boundary value problems. We concentrate on linear second order differential operators. Unfortunately, the classical estimates on solutions to elliptic problems of the form (2) are dependent on the argument s. We require estimates that are independent of s. We begin with some background theory and then show that under certain standard assumptions, solutions to uniformly elliptic boundary value problems of order 2 with either Neumann or Robin boundary control are uniformly bounded. The results generalize to higher order uniformly elliptic operators [3] .
Let Ω be an open set in n . A linear second order differential operator in Ω is defined by
We assume that the coefficients are sufficiently smooth and that the operator L is uniformly elliptic in Ω. More precisely, 
where A(x) is an n × n positive definite matrix with components a ij (x). Then L is uniformly elliptic in Ω if there exists a positive constant c L such that for all
The boundary operator Γ is defined by
where
We impose the following condition on the operator B.
[H2] (Smoothness Condition 2) The coefficients of B are real. Also,
Estimates of the solution to a uniformly elliptic boundary value problem depend on regularity of the region Ω. In particular, we will assume that [H3] Ω is bounded and uniformly regular of class C 2 . (see [2] ) In general, it is non-trivial to show that a region is uniformly regular of class C m . For our work, we are concerned only with bounded sets Ω in n and cylinders of the form Ω × in n+1 . It can be shown that if Ω is bounded with sufficiently smooth boundary, then Ω × is also uniformly regular.
In addition to B(x, D) . Let x be an arbitrary point on ∂Ω and n be the outward normal unit vector to ∂Ω at x. For each tangential vector ξ = 0 to ∂Ω at x, letτ be the root of the polynomial L 0 (x, ξ + τ n) with positive imaginary part. Thenτ is not a root of B 0 (x, ξ + τ n).
If n ≥ 3, then the root condition is satisfied for all uniformly elliptic operators [16, p130] . If the coefficients of L are real, then the root Condition is also satisfied when n = 2. Let L and Γ be defined as in (6) and (7) and assume B 1 (x) = 0. Hence Γ represents a Neumann boundary control when b 0 (x) = 0 and a Robin boundary control otherwise. We shall show that if Ω, L, and Γ satisfy hypotheses [H1]-[H5] , then the solution to the abstract elliptic problem is uniformly bounded with respect to the H 1 (Ω) norm. This implies boundedness of the input/output map for the corresponding boundary control system.
It is not enough to use regularity of the solution to elliptic problems. We must show that the solution is uniformly bounded in the parameter s. We first state two theorems concerning estimates of solutions to elliptic problems. These two theorems are key to showing uniform boundedness of solutions to Neumann/Robin boundary control problems. (6) and (7) and assume that they satisfy assumptions [H1]-[H5]. Let θ ∈ [−π, π) be fixed but arbitrary and t be a new real variable. Set
1 satisfying Γz = u on ∂Ω and any s satisfying arg s = θ, |s| > M θ the following inequality holds:
. We will show that for θ ∈ [−π/2, π/2], M θ can be chosen independent of θ. This will imply that for |s| > 1, the solution to the elliptic problem is uniformly bounded with respect to the H 1 norm and thus the input/output map is bounded for any observation operator K ∈ L(H 1 (Ω), Y). We now state our main theorem. 
where m is a positive constant dependent only on L and Ω.
Proof: We will only give the outline of the proof here. For details, see [4] .
and Ω satisfy assumptions [H1]-[H5]. Then the following can be shown.
• Q is uniformly regular of class C 2 and for each 
• The following upper and lower bound hold:
The result follows by substituting the bounds into equation (12 
where m is a positive constant dependent only on L and Ω. Unfortunately this implies the solution to Lz = sz in Ω and Γz = u on ∂Ω satisfies
So we cannot conclude that the solution is uniformly bounded in the H 1 norm. In the case of Dirichlet boundary control on a one-dimensional rod, it can easily be shown that the solution to the elliptic problem is not uniformly bounded in the H 1 -norm. A different approach to showing uniform boundedness for Dirichlet boundary control is given in [4] .
V. CONCLUSIONS
The input/output map and the transfer function are welldefined for abstract boundary control systems. We showed that the question of continuity of the input/output map can be transformed to boundedness of solutions to a related elliptic problem. It is not necessary to construct a statespace realization.
Boundedness of the input/output map for general classes of boundary control systems involving uniformly elliptic operators with Neumann or Robin boundary control was shown. Boundedness of the input/output map for Dirichlet control is shown in [4] using a different approach.
We are currently working on extending our approach to problems that are second-order in time.
